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In 1944 A. Selberg proved the formula [S] :∫
∆k[0,1]
∏k
a=1 t
α−1
a (1− ta)
β−1
∏
1≤a<b≤k(ta − tb)
2γ dt1 . . . dtk =(1) ∏k−1
j=0
Γ((j+1)γ)
Γ(γ)
Γ(α+jγ) Γ(β+jγ)
Γ
(
α+β+(2k−2−j)γ
) ,
where ∆k[x, y] = {t ∈ Rk | x ≤ tk ≤ · · · ≤ t1 ≤ y}, Re α > 0, Re β > 0,
Re γ > min {1/k, (Reα)/(k − 1), (Reα)/(k − 1)}. This is a generalization of Euler’s
formula, ∫ 1
0
tα−1(1− t)β−1 dt = Γ(α)Γ(β)
Γ(α+β)
.
The Selberg integral is one of most remarkable multi-dimensional hypergeometric func-
tions with many applications, see references.
Taking a suitable limit of the integral one gets the exponential Selberg integral [M]:∫
∆k[0,∞]
∏k
a=1 e
−tatα−1a
∏
1≤a<b≤k(ta − tb)
2γdt1 . . . dtk =
∏k−1
j=0
Γ((j+1)γ) Γ(α+jγ)
Γ(γ)
.
There are the Mellin-Barnes type Selberg integrals [G, TV1]:
∫ i∞
−i∞
· · ·
∫ i∞
−i∞
∏k
a=1
(
Γ(α + ta)Γ(β + ta)Γ(γ − ta)Γ(δ − ta) ×
∏a−1
b=1
Γ(tb−ta+ǫ)Γ(ta−tb+ǫ)
Γ(tb−ta)Γ(ta−tb)
)
dt1 . . . dtk =
= (2πi)k k!
∏k−1
j=0
(
Γ((j+1)ǫ)
Γ(ǫ)
Γ(α+γ+jǫ)Γ(α+δ+jǫ)Γ(β+γ+jǫ)Γ(β+δ+jǫ)
Γ(α+β+γ+δ+(2k−2−j)ǫ)
)
,
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∫ i∞
−i∞
· · ·
∫ i∞
−i∞
∏k
a=1
(
u2taΓ(α + ta)Γ(α− ta)
∏a−1
b=1
Γ(tb−ta+γ)Γ(ta−tb+γ)
Γ(tb−ta)Γ(ta−tb)
)
dt1 . . . dtk =
(2πi)k k! (u+ u−1)−k(2α+(k−1)γ)
∏k−1
j=0
Γ((j+1)γ) Γ(2α+jγ)
Γ(γ)
,
where Reα, β, γ, δ, ǫ, u > 0. In particular,∫ i∞
−i∞
Γ(α + t)Γ(β + t)Γ(γ − t)Γ(δ − t) dt = 2πi Γ(α+γ)Γ(α+δ)Γ(β+γ)Γ(β+δ)
Γ(α+β+γ+δ)
,
∫ i∞
−i∞
Γ(α + t)Γ(α− t) u2t dt = 2πi Γ(2α) (u+ u−1)−2α,
which are formulae for the classical Barnes integrals [WW].
Let q ∈ C, 0 < |q| < 1, (u)∞ =
∏∞
n=0(1 − q
nu), θ(u) = (u)∞(qu
−1)∞(q)∞,
Tk = {t ∈ Ck | |t1| = 1, . . . , |tk| = 1}. The q-Selberg integrals have the form [TV2]:∫
Tk
∏k
a=1
θ(qta/ǫ) θ(uk−1γδǫta)
ta (γta)∞ (δta)∞ (α/ta)∞ (β/ta)∞
∏k
a=1
∏k
b=1, b6=a
(ta/tb)∞
(uta/tb)∞
dt1 . . . dtk =
(2πi)k k!
∏k−1
j=0
(u)∞ (uk+j−1αβγδ)∞ θ(ujγǫ) θ(ujδǫ)
(uj+1)∞ (ujαγ)∞ (ujβγ)∞ (ujαδ)∞ (ujβδ)∞ (q)∞
where |α| < 1, |β| < 1, |γ| < 1, |δ| < 1, |u| < 1, and∫
Tk
∏k
a=1
θ(ǫta)
ta (γta)∞ (δta)∞
∏k
a=1
∏
b=1, b6=a
(ta/tb)∞
(uta/tb)∞
dt1 . . . dtk =
(2πi)k k!
∏k−1
j=0
(u)∞ (ujγδ)∞ (qujγ/δ)∞
(uj+1)∞ (ujγδ)∞
where |γ| < 1, |δ| < 1, |u| < 1. In particular,∫
C
θ(qt/ǫ) θ(γδǫt)
(γt)∞ (δt)∞ (α/t)∞ (β/t)∞
dt
t
= 2πi (αβγδ)∞ θ(γǫ) θ(δǫ)
(q)∞ (αγ)∞ (βγ)∞∞ (αδ)∞ (βδ)∞
,
where C is an anti-clockwise oriented contour around the origin t = 0 separating the
sets {qs/γ, qs/δ | s ∈ Z≤0}, {q
sα, qsβ | s ∈ Z≥0}, and∫
C
θ(ǫt)
(γt)∞ (δ/t)∞
dt
t
= 2πi (qγ/ǫ)∞(δǫ)∞
(γδ)∞
,
where C is an anti-clockwise oriented contour around the origin t = 0 separating the
sets {qs/γ | s ∈ Z≤0}, {q
sδ | s ∈ Z≥0}, see [GR].
One can calculate the integrals over Tk by residues and get formulas for the q-Selberg
Jackson integrals [As, E, Ka1, Ka2, TV2]. Set
A(t1, . . . , tk; u) =
∏k
a=1
ta (qta/γ)∞ (qta/δ)∞
(αta)∞ (βta)∞
∏
1≤a<b≤k
(1−tb/ta) (qu
−1tb/ta)∞
(utb/ta)∞
.
If |quk−1| < 1, then∑k
a=0
∑∞
r1,...,rk=0
(−1)a u
∑k
b=1(k−b)(k−b+1)rb−(k−a−1)(k−a)(1+2
∑a
b=1 rb)/2
∏k−a−1
c=0
θ(ua+cγ/δ)
θ(ua−cγ/δ)
× A(qr1γ, qr1+r2uγ, . . . , qr1+···+raua−1γ, qra+1δ, . . . , qra+1+···+rkuk−a−1γ; u) =∏k−1
j=0
(u)∞ (uk+j−1αβγδ)∞ δ θ(ujγ/δ)
(uj+1)∞ (ujαγ)∞ (ujβγ)∞ (ujαδ)∞ (ujβδ)∞
.
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Set
B(t1, . . . , tk) =
∏k
a=1
(qta)∞
(αta)∞
∏
1≤a<b≤k
(1−tb/ta) (qu
−1tb/ta)∞
(utb/ta)∞
.
If |v| < min (1, |uk−1|), then∑∞
r1,...,rk=0
v
∑k
a=1(k−a+1)ra u−
∑k
a=1(a−1)(k−a+1)ra B(qr1 , qr1+r2u, . . . , qr1+···+rkuk−1) =∏k−1
j=0
(u)∞ (ujαv)∞ (q)∞
(uj+1)∞ (ujα)∞ (u−jv)∞
.
Let
θ1(t, τ) = −
∑
j∈Z
eπi(j+
1
2
)2τ+2πi(j+ 1
2
)(t+ 1
2
), θκ,n(t, τ) =
∑
j∈Z
e2πiκ(j+
n
2κ
)2τ+2πiκ(j+ n
2κ
)t
where κ, n ∈ Z, κ ≥ 2. Let
σλ(t, τ) =
θ1(λ−t,τ) θ′1(0,τ)
θ1(λ,τ) θ1(t,τ)
, E(t, τ) = θ1(t,τ)
θ′
1
(0,τ)
,
where ′ denotes the derivative with respect to the first argument. For k ∈ Z>0, the
elliptic Selberg integral is the integral Ik(λ, τ) = Jk(λ, τ) + (−1)
k+1Jk(−λ, τ), where
Jk(λ, τ) =
∫
∆k[0,1]
θ2k+2,k+1(λ+
1
k+1
∑k
a=1 ta, τ)×∏k
a=1E(ta, τ)
−k/(k+1)σλ(ta, τ)
∏
1≤a<b≤k E(ta − tb, τ)
1/(k+1) dt1 . . . dtk .
Then [FSV1, FSV2]
Ik(λ, τ) = ck Bk(
1
2
+ 1
2k+2
,− k
k+1
, 1
2k+2
) θ1(λ, τ)
k+1 ,
where ck = (2π)
k/2eπik/(k+1)e−πi(k+2)/4
∏k
a=1(e
−πia/(k+1)−1) and Bk(α, β, γ) is the Selberg
integral in (1).
All previous versions of the Selberg integral are related to representation theory of
the Lie algebra sl2 and appear as solutions to different versions of the KZ equations and
dynamical equations, see [FMTV, TV1, TV2, TV3, TV4, TV5, FSV1, FSV2, V]. The
following integral is an example of a Selberg type integral associated with sl3.
Let k1, k2 be non-negative integers, k1 ≥ k2. For any non-decreasing map M :
{1, . . . , k2}
→ {1, . . . , k1} such that M(b) ≤ k1 − k2 + b for any b = 1, . . . , k2, introduce a domain
∆k1,k2M [x, y] in R
k1+k2 with coordinates t1, . . . , tk1 , s1, . . . , sk2 defined by the inequalities:
x ≤ tk1 ≤ · · · ≤ t1 ≤ y , x ≤ sk2 ≤ · · · ≤ s1 ≤ y ,
tM(b) ≤ sb ≤ tM(b)−1 , b = 1, . . . , k2 .
Here t0 = y. For γ ∈ C, consider the chain C
k1,k2
γ [x, y] =
∑
M X
k1,k2
M,γ ∆
k1,k2
M [x, y] with
coefficients
Xk1,k2M,γ =
∏k2
b=1
sin (π(k1−k2−M(b)+b+1)γ)
sin (π(k1−k2+b)γ)
.
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Then [TV5]∫
C
k1,k2
γ [0,1]
∏k1
a=1 t
α−1
a (1− ta)
β1−1
∏k2
b=1(1− sb)
β2−1
∏k1
a=1
∏k2
b=1 |ta − sb|
−γ ×∏
1≤a<b≤k1
(ta − tb)
2γ
∏
1≤a<b≤k2
(sa − sb)
2γ dt1 . . . dtk1 ds1 . . . dsk2 =∏k1−1
j=0
Γ(α+jγ) Γ((j+1)γ)
Γ(γ)
∏k1−k2−1
j=0
Γ(β1+jγ)
Γ(α+β1+(2k1−k2−2−j)γ)
×∏k2−1
j=0
Γ(β2+jγ) Γ(β1+β2+(j−1)γ) Γ(1+(j−k1)γ) Γ((j+1)γ)
Γ(β2+1+(2k2−k1−2−j)γ) Γ(α+β1+β2+(k1+k2−3−j)γ) Γ(γ)
.
In the k-dimensional Euclidean space Rk consider the reflection hyperplanes of a
Coxeter group G. Let P (t) be the product of distances of the point t = (t1, ..., tk) from
all reflection hyperplanes associated with G. Let N be the number of hyperplanes. Then
[Ma, Op, M]
∫
Rk
e−
∑
t2i /2 |P (t)|2γ dt1 . . . dtk = 2
−Nγ (2π)k/2
k∏
j=1
Γ(1 + γdj)
Γ(1 + γ)
,
where dj are the degrees of basis polynomials in the space of homogeneous polynomials,
which are invariant with respect to G. The q-analogs of this formula were proved in
[Ch].
Here is an example of a Selberg type integral involving the elliptic gamma function,
see [Sp]. Let
Γ(t; p, q) =
∏∞
j,k=0
1−t−1qj+1pk+1
1−tqjpk
be the elliptic gamma function and (q; q)∞ =
∏∞
n=1(1 − q
n). For complex parameters
u0, . . . , u4, set A =
∏4
m=0 um. Assume that |p| < 1, |q| < 1, |um| < 1, |pq| < |A|. Then
1
2πi
∫
T1
∏4
m=0 Γ(tum; p,q)Γ(t
−1um; p,q)
Γ(t2; p,q)Γ(t−2; p,q)Γ(tA; p,q) Γ(t−1A; p,q)
dt
t
=
2
∏
0≤l<m≤4 Γ(ulum; p,q)
(q;q)∞ (p;p)∞
∏
4
m=0 Γ(Au
−1
m ; p,q)
.
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